Our knowledge of the equation of state of the quark gluon plasma has been continuously growing due to the experimental results from heavy ion collisions, due to recent astrophysical measurements and also due to the advances in lattice QCD calculations. The new findings about this state may have consequences on the time evolution of the early Universe, which can estimated by solving the Friedmann equations. The solutions of these equations give the time evolution of the energy density and also of the temperature in the beginning of the Universe. In this work we compute the time evolution of the QGP in the early Universe, comparing several equations of state, some of them based on the MIT bag model (and on its variants) and some of them based on lattice QCD calculations. Among other things, we investigate the effects of a finite baryon chemical potential in the evolution of the early Universe.
I. INTRODUCTION
In the last ten years relativistic heavy-ion collision experiments have provided us with information about the properties of matter in the early Universe (at the time when its age was about 10 microseconds and its temperature was higher than 150 MeV). It is believed that, during this period, the Universe was formed by a hot phase of deconfined quarks and gluons, i.e., a quark gluon plasma (QGP). In parallel with these experimental developments there has been a significant progress on the theoretical side, coming from the numerical simulation of finite temperature QCD on a lattice. The new findings about the nature of the QGP motivate us to investigate their consequences in the primordial Universe. This can be done by solving the Friedmann equations, which allow us to determine the precise time evolution of the thermodynamic quantities in the early Universe.
Previous works along this line and with the same motivation already exist in the literature.
For a review see, e.g., [1] and for recent papers on the subject see [2, 3] and references therein.
Most of these works focused on the nature of the phase transiton from the QGP to the hadron gas. There are exotic phenomena associated with the order of the phase transition. In [3] a realistic EOS was used in cosmological calculations. In this EOS the transition was actually a crossover and not a first order transition as commonly believed until recent years. The results showed a very smooth time dependence of various thermodynamic quantities and suggested indirectly that there are small chances for the observation of various exotic phenomena such as quark nuggets, strangelets, cold dark matter clumps, etc. Such phenomena are associated typically with first order phase transitions. Apart from these exotic phenomena, changing the equation of state we change the space-time evolution of the early Universe and this (specially when there is a phase transition) will change the emission of gravitational waves, as pointed out in [4] and also in [5] and [6] .
In the early universe the baryon chemical potential was small (and usually neglected in cosmological calculations) but we do not know exactly how small. Moreover there may have been fluctuations in the chemical potential in the early Universe associated with the anisotropy of positively and negatively charged particles in the QGP phase, as pointed out in [7] . It is therefore interesting to estimate the effects of a non-vanishing chemical potential on the solution of the Friedmann equations.
We believe that the Universe is homogeneous and isotropic [8] . This statement im-plies that the space-time can be parametrized by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric which, inserted into the Einstein equations yield the Friedmann equations [8] . From these latter we can derive the following time evolution equation [2, 3, 9] :
which allows us to find the temporal evolution of the energy density ε once we know p ≡ p(ε).
In this work we solve numerically the equation above using some recently proposed equations of state and compute the time evolution of some thermodynamical quantities of the early Universe, such as the energy density, pressure, temperature and sound speed. We also study the time evolution of these quantities at finite chemical potential. In what follows we will use natural unitsh = c = k B = 1.
II. THE QGP EQUATION OF STATE
One of the first equations of state of the quark gluon plasma was the one derived from the MIT bag model [10] . Because of its simplicity it has been widely used in astrophysics and cosmology. Even today it remains a baseline. As discussed in the introduction, we want to study how changes in the EOS affect the time evolution of the primordial QGP. In doing so, we will take the MIT EOS as a reference, with which results obtained with the other equations of state will be compared. In view of the most recent lattice results [11, 12] In the MIT picture quarks and gluons move freely inside the "bag" and the deconfined phase can be formed by compressing the bags against each other. Then, at these high baryon number and energy densities, the plasma constituents are free to move through large spatial regions. A higher temperature enhances quark-antiquark pair creation. Even in these conditions there is still some non-perturbative component represented by the bag constant.
The energy density and pressure are given respectively by [10, 13] :
where B is the bag constant. Considering these thermodynamical quantities as functions of time, we have from (2) the following relation:
A particular case, considering only free gluons is described by [10, 13] :
which also satisfies (3). The above expressions imply that, apart from a background constant, quarks and gluons are free. However the RHIC measurements of elliptic flow [14] gave us convincing evidence that a QGP at temperatures around the critical temperature T c (and up to two or three times T c ) is still a strongly interacting system. Moreover, the measurements of Shapiro delay in the binary millisecond pulsar PSR J1614-2230 [15] imply the existence of compact objects with two solar masses. If we interpret these objects as quark stars, made of cold QGP, in order to reach the required masses we need to go beyond the MIT free gas picture and introduce a strong interaction between the quarks. There are already several attempts to modify the bag model [16, 17] . In the next subsections we will consider the models which try to adapt the MIT bag model, making it compatible with the existing lattice QCD data.
In Ref. [18] the proposed modifications of the bag model were: a reduction in the StephanBoltzmann constant; the introduction of another temperature dependent term (linear or quadratic) in the pressure and also in the energy density; a bag constant term with negative sign. These features were found to be necessary to describe the lattice QCD data [19] and they resulted in two viable simple models, which are listed below.
B. Model 1
The pressure and energy density as function of temperature are given respectively by:
which gives the following relation:
with the parameters from [18] : σ 1 = 4.73, A = 3.94 T c 3 and B 1 = −2.37 T c 4 , where T c is the critical temperature for the QGP.
C. Model 2
The introduction of terms proportional to T 2 in the pressure and energy density was suggested by Pisarski [20] to take into account non-perturbative effects in the QGP. The pressure and energy density are given respectively by:
and so:
and again from [18] : σ 2 = 13.01, C = 6.06 T c 2 and B 2 = −2.34 T c 4 .
D. Model 3
In spite of the success in reproducing the lattice results, the models described in the previous subsections do not have a clear connection with the QCD dynamics. The model presented below was proposed in [21] and it was applied to study the cold and dense quark gluon plasma in the inner core of neutron stars [22] . In [21] we start from the QCD Lagrangian and split the gluon field into low and high momentum modes. The former are rewritten in terms of the gluon condensates (which are assumed to have a residual nonvanishing value in the QGP phase) and the latter are replaced by classical fields, in the same as it is done in relativistic mean field models of nuclear matter.
Using the effective Lagrangian derived in [21] and repeating the steps of the finite temperature formalism developed in [23] we obtain the following expression for the pressure:
and the energy density:
where the Fermi distribution functions are given by:
The energy of the quark of flavor f is given by E f = m 2 f + k 2 and ν f is the corresponding chemical potential. The quark density is given by:
For the sake of simplicity, we consider only two quark flavors, up and down, with equal masses, and the regime of high temperature given by T >> ν f , T >> m f and E f /T > ν f /T .
The statistical factors are given by γ g = 2(polarizations) × 8(colors) = 16 for gluons and γ f = 2(spins) × 3(colors) = 6 for each quark species. The condition of high temperature T >> m f allows us to solve analytically the integrals in (9), (10) and (12) using the formulas given in [24] . Then (9) and (10) become:
and
where µ ≡ ν u = ν d is the chemical potential. Expressions (13) and (14) are valid at very high temperature and finite chemical potential. Setting µ = 0 we recover the equation of state of the bag model [10, 13] . The new contribution are the term proportional to µ 2 and the term proportional to g/m g −2 [21] .
E. Model 4
The equation of state below was derived in [25] , where deconfined matter in SU (3) pure gauge theory was treated as an ideal gas with quasi-particle modes, which have a temperature-dependent mass given by m(T ). This EOS reproduces the Lattice results, such as the trace anomaly (ε − 3 p)/T 4 , as can be seen in [25] . The pressure and energy density as functions of the temperature are given by:
where K 1,2 [x] are the modified Bessel functions of the second kind. The quasi-particle mass is given by:
with constants a = 0.47 GeV, b = 0.125 GeV and c = 0.385 as previously calculated in [25] to reproduce the trace anomaly. The critical temperature in [25] is T 0 ≃ 280 MeV .
F. Model 5
Here we present the equation of state obtained in [11, 12] 
At zero chemical potential the authors in [11, 12] provide the following parametrization for the trace anomaly:
and also [11] : 
Inserting (21) into (19) we find the following expression for the energy density:
III. NUMERICAL RESULTS AND DISCUSSION
In this section we present the numerical solution of (1) for the different equations of state discussed above. We use the following initial condition:
We run the time evolution from t i = 10 −9 s to t f = 10 −4 s. There is some uncertainty on these initial conditions but this is not important for the present study, since we are primarily interested in determining how changes in the equation of state affect the time evolution of the primordial QGP. Also, since the equations of state are different, fixing the initial energy density implies that the evolution starts at different initial temperatures for different models. At this point one might ask: why fixing the initial energy density and not the initial temperature? Because we want to be able to establish some connection with the cold QGP at similar energy densities. As it was mentioned in the introduction, from astrophysical measurements, we can derive some constraints to the cold QGP properties. In working with (1) we use the relation:
and solve it for T (t).
A. The MIT bag model and its variants
In Fig. 1 we show the time evolution of the energy density (1a) and temperature (1b)
obtained by solving (1) with the MIT bag model equation of state of a quark -gluon gas (2) and of a gluon gas (4), with the initial condition (23). p = p(ε), as in Fig. 2a . There, we compare the bag model equation of state with the one needed to generate compact stars with two solar masses. It is interesting to notice that, when compared to the bag model predictions, the lattice data require less pressure than the bag model, whereas compact stars require more pressure for the same energy densities.
In Fig. 3a and 3b we show the time evolution of the energy density and temperature respectively. We show the energies and temperatures computed with models 1 and 2 and scaled by the corresponding quantities computed with the bag model. Looking at these ratios, we observe that both model 1 and model 2 have a similar behavior and that, most of the time they coincide with the bag model predictions. However at the end of the chosen time interval, models 1 and 2 predict a much stronger energy dilution and a much weaker cooling than the bag model. In fact, from Fig. 1 we see that in the interval from 10 −5 s to 10 −4 s we expect to be sensitive to the phase transition. 
B. The effects of finite chemical potential
We now repeat the study performed above using the equation of state of model 3, Eqs.
(13) and (14), which allow us to consider systems with finite chemical potential. Model 3 has three parameters, the dynamical gluon mass, m g , the QCD coupling between quarks and hard gluons, g and the bag-like constant B QCD . In Fig. 4a we show the pressure as a function of the energy density and then we calculate the speed of sound, shown in Fig. 4b .
In most of the cases, model 3 yields an equation of state which is stiffer than the MIT one.
Looking at the expressions (13) and (14) it is easy to see qualitatively what are the effects of changing the gluon mass, the coupling constant and the chemical potential. From these expressions we can conclude that model 3 will give always a harder equation of state, except when µ = 0, in which case it reproduces the bag model results. The numerical evaluation of (13) and (14), presented in Fig. 4 , shows that even taking a very small value of m g , a relatively large value for g and a sizeable chemical potential we obtain a speed of sound, which is only 50 % larger than the MIT value. Comparing Figs. 2 and 4 and remembering that models 1 and 2 were tuned to fit the lattice data, we realize that the parameters of model 3, which were fixed at large µ and very small T (so as to generate massive stars)
should also suffer some adjustments to reproduce also the lattice results, taken at a quite different corner of the phase diagram with small µ and very large T . For the purposes of the present study we shall choose the parameters in the range determined in previous works.
The time evolution of the energy density and temperature of matter described by model 3 are shown in Fig. 5a and 
C. Lattice QCD models
The two lattice models (models 4 and 5) differ mainly because in the former there are only gluons whereas in the latter quarks are included. We can hence isolate the effect of the quarks in the equation of state and in the time evolution as well. We first compare the results of models 4 and 5, given by (15), (16), (21) and (22), with the EOS of a gas of gluons (4) and with the bag model EOS (2) . The time evolution of the energy density is shown in Fig. 6a . As it can be seen there is only a small difference when we add quarks. In fact these models have nearly the same energy density during most of the evolution and a sizeable difference appears only at very late times, already in the phase transition region.
In Fig. 6b we show the time evolution of the temperature calculated with the same models. It should be noted that model 4 has its critical temperature at T = 280 MeV. In model 5 the quark-hadron transition occurs at T = 200 MeV. In the figure we can see that
for similar values of the energy density the models with more degrees of freedom have a smaller temperature, as we would expect from simple thermodynamical considerations. In the phase transition region, the ratios change significantly and we may expect that the use of the lattice models will yield important corrections to previous calculations made with the bag model. In Figs. 7a and 7b we show the time evolution of the energy density and temperature respectively, computed with model 5. In the figures ε(t) and T (t) are scaled by the corresponding values of the energy density and temperature at zero chemical potential. From the figures we can conclude that, in the range considered, the chemical potential does not affect the time evolution. In Fig. 8a and Fig. 8b we compare the results of model 3 and model 5, the two models with which we can obtain results at finite chemical potential. The results are very similar to those shown in Fig. 6 . As in the case of the bag model differences appear only at late times, but they can be significant. 
IV. CONCLUSIONS
As it was mentioned in the introduction, in view of the future experimental facilities for measurements relevant to cosmology, it is very interesting and very timely to identify observable effects of the QGP phase in the primordial Universe. Most of these effects have so far been associated with quark-hadron phase transition. However we think that it is also worth studying the time evolution of the QGP phase and check whether changes in the QGP equation of state induce changes in the dilution and cooling of the early Universe. their effects on the solutions of Friedmann equations. The main conclusion is that there are no dramatic changes in the whole time interval considered. The time evolution of the energy density is only weakly sensitive to changes in the chemical potential, to changes in the degrees of freedom (addition of quarks) and to changes in the dynamical information encoded in the effective gluon mass. The temperature evolution is somewhat more sensitive to these changes, specially to the inclusion of quarks in a pure gauge theory. Although our results are already very suggestive, our preliminary conclusions need to be confirmed by a more complete calculation, with the inclusion of the phase transition and the evolution of the hadronic phase. Finally, we emphasize that there are still some other ingredients of the QGP phase to be considered, such as, for example the number of leptons and a strong magnetic field. Calculations along this line are in progress.
